Abstract. We prove that the kth term of the lower central series of a finite group G is nilpotent if and only if |ab| = |a||b| for any γ k -commutators a, b ∈ G of coprime orders.
Introduction
All groups considered in this article are finite. The following sufficient condition for nilpotency of a group G was discovered by B. Baumslag and J. Wiegold [2] .
Let G be a group in which |ab| = |a||b| whenever the elements a, b have coprime orders. Then G is nilpotent.
Here the symbol |x| stands for the order of the element x in a group G. In [1] a similar sufficient condition for nilpotency of the commutator subgroup G ′ was established.
Let G be a group in which |ab| = |a||b| whenever the elements a, b are commutators of coprime orders. Then G ′ is nilpotent.
Of course, the conditions in both above results are also necessary for the nilpotency of G and G ′ , respectively. In the present article we extend the above results as follows.
Given an integer k ≥ 1, the word γ k = γ k (x 1 , . . . , x k ) is defined inductively by the formulae
and
The subgroup of a group G generated by all values of the word γ k is denoted by γ k (G). Of course, this is the familiar kth term of the lower central series of G. If k = 2 we have γ k (G) = G ′ . In the sequel the values of the word γ k in G will be called γ k -commutators. Theorem 1. The kth term of the lower central series of a group G is nilpotent if and only if |ab| = |a||b| for any γ k -commutators a, b ∈ G of coprime orders.
Recall that a group G is called metanilpotent if there is a normal nilpotent subgroup N such that G/N is nilpotent. The following corollary is immediate.
Corollary 2. A group G is metanilpotent if and only if there exists a positive integer k such that |ab| = |a||b| for any γ k -commutators a, b ∈ G of coprime orders.
We suspect that a similar criterion of nilpotency of the kth term of the derived series of G can be established. On the other hand, Kassabov and Nikolov showed in [4] that for any n ≥ 7 the alternating group A n admits a commutator word all of whose nontrivial values have order 3. Thus, the verbal subgroup w(G) need not be nilpotent even if all w-values have order dividing 3.
Proofs
As usual, if π is a set of primes, we denote by π ′ the set of all primes that do not belong to π. For a group G we denote by π(G) the set of primes dividing the order of G. The maximal normal π-subgroup of G is denoted by O π (G). The Fitting subgroup of G is denoted by F (G). The Fitting height of G is denoted by h(G). Throughout the article we use without special references the well-known properties of coprime actions: if α is an automorphism of a finite group G of coprime order, (|α|,
is the subgroup of G generated by the elements of the form g −1 g α , where g ∈ G.
For elements x, y of a group G write [
The following lemma is well-known.
Lemma 3. Let p be a prime and G a metanilpotent group. Suppose that x is a p-element in
Proof. Since all Engel elements of a finite group lie in the Fitting subgroup [5, 12.3.7] , it is sufficient to show that x is an Engel element. Let F = F (G) and P be the Sylow p-subgroup of F . We have F = P ×O p ′ (F ). By hypothesis, G/F is nilpotent of class n for some positive integer n. We deduce that [G, n x] ≤ F and so [G, n+1 x] ≤ P . Therefore [G, n+1 x], x is contained in a Sylow p-subgroup of G. Hence, x is an Engel element in G and so the lemma follows.
Lemma 4. Let k be a positive integer and G a group such that G = G ′ . Let q ∈ π(G). Then G is generated by γ k -commutators of p-power order for primes p = q. ] ≤ N p , a contradiction. Therefore indeed N p contains the Sylow p-subgroups of G. Let T be the product of all N p for p = q. We see that G/T is a q-group. Since G = G ′ , we conclude that G = T . The proof is complete. Let us call a subgroup H of G a tower of height h if H can be written as a product H = P 1 · · · P h , where
Proof. For each prime p ∈ π(G)
It follows from (3) that p i = p i+1 for i = 1, . . . , h − 1. A finite soluble group G has Fitting height at least h if and only if G possesses a tower of height h (see for example [6] ).
Throughout the remaining part of the article G denotes a finite group for which there exists k ≥ 1 such that |ab| = |a||b| for any γ kcommutators a, b ∈ G of coprime orders. We denote by X the set of all γ k -commutators in G. Proof. Set h = h(G) and F = F (G). If G is nilpotent, the result is immediate so we assume that h ≥ 2.
We first examine the case h = 2. If G/F has nilpotency class at most k − 1, then γ k (G) ≤ F is nilpotent. So we will assume that G/F is nilpotent of class at least k. Hence, the image of some Sylow p-subgroup P of G in G/F has nilpotency class at least k. Therefore, there exists a γ k -commutator x in elements of P which does not belong to F . By Lemma 5 [O p ′ (F ), x] = 1, whence by Lemma 3, x ∈ F . This is a contradiction.
Now assume that h ≥ 3. By [6, Lemma 1.9], there exists a tower
Combining Lemma 5 with the fact that P 2 is generated by γ k -commutators of G of p 2 -orders, we deduce that P 3 commutes with P 2 . On the other hand, [P 3 , P 2 ] = P 3 , because P 1 P 2 P 3 . . . P h is a tower. This is a contradiction. The proof is complete.
We are now in a position to complete the proof of Theorem 1.
Proof of Theorem 1. It is clear that if γ k (G) is nilpotent, then |ab| = |a||b| for any γ k -commutators a, b ∈ G of coprime orders. So we only need to prove the converse. Since the case where k ≤ 2 was considered in [1] and [2] , we will assume that k ≥ 3.
Suppose that the theorem is false and let G be a counterexample of minimal order. In view of Lemma 6 G is not soluble while all proper subgroups of G are. Therefore G = G ′ . Let R be the soluble radical of G. It follows that G/R is nonabelian simple. By Lemma 6 γ k (R) is nilpotent. Suppose that R = 1.
Choose q ∈ π(F (G)). According to Lemma 4 G is generated by the γ k -commutators of p-power order for primes p = q. Let Q be the Sylow q-subgroup of F (G). By Lemma 5, [Q, x] = 1, for every γ k -commutator x of q ′ -order. Therefore Q ≤ Z(G). This happens for each choice of q ∈ π(F (G)) so we conclude that F (G) ≤ Z(G).
For each x ∈ R and y ∈ G we have
Consequently, every element x ∈ R is Engel. Therefore R ≤ F (G) ( [5, 12.7.4] ). Hence, R = Z(G) and G is quasisimple.
Since G does not possess a normal 2-complement, it follows from the Frobenius Theorem [3, Theorem 7.4.5] that G contains a 2-subgroup H and an element of odd order b ∈ N G (H) such that [H, b] = 1. In view of Thompson's Theorem [3, Theorem 5.3 .11] we can assume that H is of nilpotency class at most two and H/Z(H) is elementary abelian. We claim that G contains an element a ∈ X such that a is a 2-element and a has order 2 modulo Z(G).
Recall Now we fix an element a with the above properties. Since G/Z(G) is nonabelian simple, it follows from the Baer-Suzuki Theorem [3, Theorem 3.8.2] that there exists an element t ∈ G such that the order of [a, t] is odd. On the one hand, it is clear that a inverts [a, t]. On the other hand, by Lemma 5, a centralizes [a, t] . This is a contradiction.
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